Abstract. Greatly extended series have been derived for moments of the pair-connectedness for bond and site percolation on the directed square and triangular lattices. The length of the various series has been at least doubled to more than 110 (100) terms for the square-lattice bond (site) problem and more than 55 terms for the bond and site problems on the triangular lattice. Analysis of the series leads to very accurate estimates for the critical parameters and generally seems to rule out simple rational values for the critical exponents. The values of the critical exponents for the average cluster size, parallel and perpendicular connectedness lengths are estimated by γ = 2.277 69(4), ν = 1.733 825(25) and ν ⊥ = 1.096 844 (14), respectively. An improved estimate for the percolation probability exponent is obtained from the scaling relation β = (ν + ν ⊥ − γ )/2 = 0.276 49(4). In all cases the leading correction to scaling term is analytic.
Introduction
Models exhibiting critical behaviour similar to directed percolation (DP) are encountered in a wide variety of problems such as fluid flow in porous media, Reggeon field theory, chemical reactions, population dynamics, catalysis, epidemics, forest fires, and even galactic evolution. Directed percolation is thus a model of relevance to a very diverse set of physical problems and it is therefore no wonder that it continues to attract a great deal of attention. Furthermore, two-dimensional directed percolation is one of the simplest models which is not translationally invariant and therefore cannot be treated in the framework of conformal field theory [1] . This leaves open a number of fundamental questions about this model. What should one expect an exact solution to look like and more concretely are the critical exponents rational?
In the absence of an exact solution the most powerful method for studying latticestatistics models is probably that of series expansions. The method of exact series expansions consists of calculating the first few coefficients in the Taylor expansion of various thermodynamic functions, or, in more abstract terms, various moments of some appropriate generating function. Given such a series, highly accurate estimates can be obtained for the critical parameters using differential approximants [2] . In the most favourable cases one can even find an exact expression for the generating function from the first-series coefficients.
Low-density series in the variable p, which is the probability that bonds or sites are present, were first derived by Blease [3] , who used a transfer-matrix method to calculate series for the cluster size and other moments of the pair-connectedness of bond percolation on directed square and triangular lattices. These series were greatly extended by Essam et al [4] , who also studied site percolation. They devised a non-nodal graph expansion, which enabled them to calculate twice as many terms correctly from the basic transfer-matrix calculation, and derived the series to order 49 (48) for the square bond (site) problem and to order 25 (26) for the triangular bond (site) problem. These long series resulted in accurate exponent estimates and led to the conjectured critical exponents γ = 41/18, ν ⊥ = 79/72, ν = 26/15, and β = 199/720 [4] .
High-density series for the percolation probability were derived by Blease [3] . The square bond series was greatly extended by Baxter and Guttmann [5] using a superior transfer-matrix method and an extrapolation procedure based on predicting correction terms from successive calculations on finite lattices of increasing size. The analysis of the resulting series conformed to the conjectured fraction for β. This series and the one for the square site problem were recently extended by Jensen and Guttmann [6] who also studied the triangular bond and site problems [7] . The analysis of these extended series yielded more precise exponent estimates. From these estimates they concluded that there are no simple rational fractions whose decimal expansion agrees with the highly accurate estimates of β obtained from the square bond and triangular site series. In particular, the rational fraction suggested by Essam et al [4] is incompatible with the estimates.
In this paper I combine an efficient transfer-matrix calculation with the non-nodal graph expansion and the above-mentioned extrapolation method and have been able to more than double the number of series terms for moments of the pair-connectedness. Most of the series have been extended to order 112 for the square bond problem, 106 for the square site problem, 57 for the triangular bond problem and 56 for the triangular site problem. The series were analysed using differential approximants which can accommodate a wide variety of functional features and certainly should be appropriate in this case. The major result of the analysis is that the exact exponent values conjectured by Essam et al [4] generally seems to be incompatible with the numerical estimates from the differential approximant analysis.
The remainder of the article is organized as follows. In section 2 I will give further details of the models studied in this paper. Section 3 contains a description of the seriesexpansion technique with special emphasis on the transfer-matrix calculation (section 3.1) and the extrapolation procedure for the square bond case (section 3.3). Details of the extrapolation procedure for the remaining problems are given in the appendix. Details of the series analysis are given in section 4 and the results are discussed and summarized in section 5. [8] demonstrated that site and bond percolation on the directed square lattice are special cases of a one-dimensional stochastic cellular automaton in which the preferred direction t is time. DP is thus a model for a simple branching process in which a site x occupied at time t may give rise to zero or one offspring on each of the sites x ± 1 at time t + 1. Whether a site (x, t) is occupied or not depends only on the state of its nearest neighbours in the row above. The evolution of the model on the square lattice is therefore governed by the conditional probabilities P (σ x |σ l , σ r ), with σ i = 1 if site i is occupied and 0 otherwise. These transition probabilities are the probabilities of finding the site (x, t) in state σ x given that the sites (x − 1, t − 1) and (x + 1, t − 1) were in states σ l and σ r , respectively. One has a very free hand in choosing the transition probabilities as long as one respects conservation of probability, P (1|σ l , σ r ) = 1 − P (0|σ l , σ r ). In addition studies have generally been limited to cases in which the transition probabilities are independent of both x and t. In this paper I restrict my study to the following two cases corresponding to bond and site percolation: On the triangular lattice the model is described by the probabilities P (σ x |σ l , σ t , σ r ) of finding the site (x, t) in state σ x given that the sites (x −1, t −1), (x, t −2), and (x +1, t −1) were in states σ l , σ t and σ r , respectively, and I study the two cases P (0|σ l , σ t , σ r ) =
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The behaviour of the model is controlled by the branching probability p. When p is smaller than a critical value p c the branching process eventually dies out and all space-time clusters remain finite. For p > p c there is a non-zero probability P (p) that the branching process will survive indefinitely. This percolation probability is the order parameter of the process, and close to p c it vanishes as a power-law:
(2.3)
In the low-density phase (p < p c ) many quantities of interest can be derived from the pair-connectedness C x,t (p), which is the probability that the site x is occupied at time t given that the origin was occupied at t = 0. The moments of the pair-connectedness may be written as
Due to symmetry, moments involving odd powers of x vanish. The remaining moments diverge as p approaches the critical point from below:
One generally only studies the lower-order moments such as the mean cluster size S(p) = µ 0,0 (p), the first parallel moment µ 0,1 (p), the second perpendicular moment µ 2,0 (p), and the second parallel moment µ 0,2 (p).
Series expansions
From (2.4) it follows that the first and second moments can be derived from the quantities
S(t) and X(t) are polynomials in p obtained by summing the pair-connectedness over all lattice sites whose parallel distance from the origin is t. As shown by Essam [9] the pair-connectedness can be expressed as a sum over all graphs formed by taking unions of directed paths connecting the origin to the site (x, t),
where e is the number of random elements (bonds or sites) in the graph g. Any directed path to a site whose parallel distance from the origin is t contains at least m(t) steps with m(t) = t for the square lattice and m(t) = (t + 1)/2 (integer division) for the triangular lattice. From this it follows that if S(t) and X(t) have been calculated for t t max then one can determine the moments to order m(t max + 1) − 1. One can, however, do much better, as demonstrated by Essam et al [4] . They used a non-nodal graph expansion, based on work by Bhatti and Essam [10] , to extend the series to order n(t max ) approximately equal to 2m(t max ) (the actual order varies a little from problem to problem). Details of this expansion will be given below, but here it will suffice to note that it works by calculating the contributions S N (t) and X N (t) (correct to order n(t)) of non-nodal graphs to S(t) and X(t) and using the non-nodal expansions to calculate the final series for S(p) and the various moments. Further extensions of the series can be obtained by using a procedure similar to that of Baxter and Guttmann [5] . One looks at correction terms to the series and tries to identify extrapolation formulae for the first n r correction terms allowing one to derive a further n r series terms correctly.
The series expansions for moments of the pair-connectedness is thus obtained as follows: (i) Calculate the polynomials S(t) and X(t) for t t max using the transfer-matrix technique to an order greater than n(t max ) + n r .
(ii) For each t use the non-nodal graph expansion to calculate S N t = t t S N (t ) and X N t = t t X N (t ) correct to order n(t). N (t + 1) for t < t max identify the first n r correction terms.
(iv) Use these correction terms to extend the series for S N and X N to order n(t max ) + n r . (v) Finally calculate the series for S, µ 0,1 , µ 0,2 and µ 2,0 correct to order n(t max ) + n r . Details of the transfer-matrix technique, non-nodal graph expansion and extrapolation procedure are given in the following sections. Figure 1 shows the part of the square and triangular lattices which can be reached from the origin O using no more than five steps. Note that, in keeping with the prescription used by Essam et al [4] , vertical steps on the triangular lattice correspond to incrementing t by two. The calculation of the pair-connectedness is readily turned into an efficient computer algorithm by use of the transfer-matrix technique. From (2.1) and (2.2) one sees that the evaluation of the pair-connectedness involves only local 'interactions' since the transition probabilities depend on neighbouring sites only. The probability of finding a given configuration can therefore be calculated by moving a boundary through the lattice one site at a time. At any given stage this line cuts through a number of, say k, lattice sites thus leading to a total of 2 k possible configurations along this line. Configurations along the boundary line are trivially represented as binary numbers, and the probability of each configuration is represented by a truncated polynomial in p. Figure 1 shows how the boundary (marked by large filled circles) is moved in order to pick up the weight associated with a given 'face' of the lattice at a position x along the boundary line. On the square lattice the boundary site at σ r is moved to σ x and the weight P (σ x |σ l , σ r ) is picked up. Similarly on the triangular lattice the boundary site at σ t is moved to σ x while picking up the weight P (σ x |σ l , σ t , σ r ). In more detail, let S0 = (σ 1 , . . . , σ x−1 , 0, σ x+1 , . . . , σ k ) be the configuration of sites along the boundary with 0 at position x and similarly S1 = (σ 1 , . . . , σ x−1 , 1, σ x+1 , . . . , σ k ) the configuration with 1 at position x. Then in moving the x th site as just described the boundary line polynomials are updated as follows on the square lattice
Transfer-matrix technique
and as follows on the triangular lattice P (S0) = W (0|σ r , 0, σ l )P (S0) + W (0|σ r , 1, σ l )P (S1) P (S1) = W (1|σ r , 0, σ l )P (S0) + W (1|σ r , 1, σ l )P (S1).
The pair-connectedness is calculated from the boundary polynomials before the boundary leaves the site by summing over all configurations with a 1 at that site. In practise the data was collected when the boundary reached a horizontal position on the square lattice and a position parallel to the right edge of the triangular lattice. The pairconnectedness is obviously symmetrical in x, C x,t (p) = C −x,t (p), so it suffices to calculate the pair-connectedness for x 0. More importantly, due to the directedness of the lattices, if one looks at sites (x, t) with x 0 they can never be reached by paths extending onto points (x , t ) in the part of the lattice for which t > t/2 , x < − t/2 . This effectively means that the pair-connectedness at points with parallel distance t from the origin can be calculated using a boundary which cuts through at most t/2 + 1 sites. Thus the memory (and time) required to derive S(t) and X(t) grows like 2 t/2 +1 . For the bond and site problems on the square lattice I was able to calculate the pairconnectedness up to t max = 47 and for the triangular lattice up to t max = 45. Since the integer coefficients occurring in the series expansion become very large the calculation was performed using modular arithmetic [11] . Each run for t max , using a different prime number, took approximately 12 hours using 64 nodes on an Intel Paragon, and up to eight primes were needed to represent the coefficients correctly. The major limitation of the present calculation was available computer memory rather than time.
Non-nodal graph expansion
The non-nodal graph expansion has been described in detail in [4] and here I will only summarise the main points and introduce some notation. A graph g is nodal if there is a point (other than the terminal point) through which all paths pass. It is clear that each such nodal point effectively works as a new origin for the cluster growth. This is the essential idea behind the non-nodal graph expansion. S N (t) is the contribution to S(t) obtained by restricting the sum in (3.3) to non-nodal graphs. The non-nodal expansions are obtained recursively from the polynomials S(t) and X(t). First one sets S N (1) = S(1) and X N (1) = X(1) and then for 2 t t max one calculates S N (t) and X N (t) from
Next form the sums of (3.2) using the truncated non-nodal polynomials S N (t) and X N (t) instead of S(t) and X(t). The final series are then obtained from the formulae
Extrapolation procedure
When forming the sums (3.2) one could have stopped the summation at any t prior to reaching t max and used the formulae above to derive the series correct to order n(t). Let S N t and X N t denote the non-nodal expansions obtained in this fashion. As observed by Baxter and Guttmann [5] one can often extend the series considerably by looking at correction terms to such series. The polynomials S(t) and X(t), and thus likewise the non-nodal expansions, will obviously contain terms of much higher order than that to which the final series is correct. One can therefore look at the difference between successive expansions, e.g. which yields sequences of numbers s t,r with t < t max . As observed in [5] the first sequence of numbers s t,0 is often quite simple and can readily be conjectured so that a closed form expression or a simple recurrence relation can be found. In the following I will give the details of how this is done in the square bond case. The treatment of the other problems are detailed in the appendix. Note, that if one can find the first n r correction terms one can use S N t max = m 0 a N,m p m to extend the series S N = m 0 a m p m to order n(t max ) + n r , via
So in order to find the correct series term a n(t max )+1+k from the 'partial' term a N,n(t max )+1+k one first subtracts s t max ,k which yields correctly the term a N+1,n(t max +1)−1+k . One continues this process until arriving at a N + k/2 +1,n(t max + k/2 +1)−q , where q = 1(0) if k is even (odd), which is the correct term in the series for S N . In the square bond case the first sequence of correction terms start out as s t,0 = 1, 2, 5, 14, 42, 132, 429, . . . which is immediately recognizable as the Catalan numbers C t = (2t)!/(t!(t + 1)!). These also occurred as the first correction term for the percolation probability series [5] . There is a very simple combinatorial proof for the first correction term. The first correction term arises from the simplest (containing the minimum number of random elements) non-nodal graphs terminating at level t + 1. These graphs are also the ones giving the first term of S N (t + 1). It is obvious that these graphs are composed of two paths of length t + 1 each, which meet at level t + 1 but does not cross earlier. These graphs are in one-to-one correspondence with staircase polyominoes (or polygons) and it is well known that the latter are enumerated by the Catalan numbers [12, 13] .
As was the case for the percolation probability series the higher-order correction terms can be expressed as rational functions of s t,0 . For S N these extrapolation formulae are
a r,j C t−r+j t r (3.12) which are very similar to the formulae found in the percolation probability case [5] . The extrapolation formulae for µ N 0,1 and µ N 0,2 are simply (t + 1)s t,r and (t + 1) 2 s t,r , respectively. The factor in front of the first sum has been chosen so as to make the leading coefficients particularly simple. I was able to find formulae for all correction terms up to r = 16. The coefficients in the extrapolation formulae are listed in table 1.
From (3.12) it is clear that the t max − r terms available in the sequences for the correction terms are not sufficient to determine all the 2r + r/2 unknown coefficients of the extrapolation formulae for large r. However, from table 1 one immediately sees that the leading coefficients a r,2r and b r, r/2 in the extrapolation formulae are very simple In particular one has, (−1) r a r,2r = 2, and
Likewise, a r,1 is zero for r > 2. In general I find that the leading coefficients a r,2r−m are expressible as polynomials in r of order m:
So when calculating the coefficients listed in table 1 I first used the sequences for the correction terms to predict as many of the extrapolation formulae (3.12) as possible. Then I predicted as many of the leading coefficients as possible. This in turn allowed me to find more extrapolation formulae, which I used to find more of the formulae for the leading coefficients a r,2r−m . I repeated this until the process stopped with the extrapolation formulae listed in table 1. For X N the sequence determining the first correction formula starts out as from which one sees that x t,0 = 2(t − 1)C t−1 . The proof of this formula is a little more involved. First one needs the number of configurations, w(t, x), of two non-crossing paths terminating at (x, t). Essam and Guttmann [14] gives a formula for the number of noncrossing watermelon configurations with p chains which join s steps and at height q from the origin 
where
, is Pochhammer's symbol. A watermelon configuration with two chains is in one-to-one correspondence with the configuration obtained from the two non-crossing paths by deleting the two bonds connected to the origin and the two bonds connected to the terminal point, so that w(t, x) = w t−2 (x). In the case p = 2 (3.13) reduces to a simple product of binomial coefficients,
The correction term s t,0 can easily be derived from (3.14) as (remembering that s t,0 arises from paths terminating at level t + 1)
In this derivation I have used only standard properties of binomial coefficients, the main one being the formula
After this little diversion I return to the calculation of x t,0 . From (3.1) and the measurement of x with respect to the centre line it is clear that
where s = t − 1. By simple expansion of the square and insertion of w s (q) one finds
The major step was the use of (3.15) to get rid of the sum over q. For the rest of the calculations I only used the definition and well known properties of the binomial coefficients.
In this case I find that the general extrapolation formulae can be written as
The coefficients are not reproduced here due to the excessive length of this material, but are available from the author (please see end of article for details). Again I found that the leading coefficients are very simple, so a procedure similar to that used to find more extrapolation formulae for S N was applied for X N also. Though in this case it is slightly more complicated because different polynomials are found for a r,2r−m depending on whether r is odd or even. I was able to find the extrapolation formulae for r 15.
From the polynomials for S N (t max ) and X N (t max ), using the extrapolation formulae given above, I extended the series for S(p), µ 0,1 (p) and µ 0,2 (p) to order 112 and the series for µ 2,0 (p) to order 111. The new series terms are listed in table 2, while the terms for n 49 can be found in [4] . The full series are available from the author via e-mail or can be retrieved from the authors homepage on the world wide web (see later for details).
For the square site problem I have identified the first 12 extrapolation formulae for S N and the first nine for X N . This allowed me to derive the series correctly to order 106 and 103, respectively. For the triangular bond and site cases the first 10-12 extrapolation formulae were found and the series calculated to orders 55-57 depending on the particular problem. Details of the extrapolation formulae and lists of the new series coefficients can be found in the appendix. The full series and tables of the coefficients in the extrapolation formulae can be obtained from the author.
Analysis of the series
In the vicinity of the critical point one expects the moments of the pair-connectedness to have the functional form
where λ is the critical exponent, 1 the leading confluent exponent and the . . . represents higher-order correction terms. By universality we expect λ to be the same for all the percolation problems. In addition to the physical singularity, the series may have nonphysical singularities for other values (real or complex) of p.
The series for moments of the pair-connectedness were analysed using inhomogeneous first-and second-order differential approximants. A comprehensive review of these and other techniques for series analysis may be found in [2] . Here it suffices to say that a Kth-order differential approximant to a function f is formed by matching the earliest series coefficients to an inhomogeneous differential equation of the form (see [2] for details)
where Q i and P are polynomials of order N i and L, respectively. First-and second-order approximants are denoted by [L/N 0 ; N 1 ] and [L/N 0 ; N 1 ; N 2 ], respectively. Table 2 . New series terms for the directed square lattice bond problem. 
The square bond series
In this section I will give a detailed account of the analysis of the square bond series which leads to the most accurate estimates. The analysis of the series for the other problems are described summarily in the following sections. In addition to the moment series I have also analysed the series µ 0,2 (p)/µ 0,1 (p) 
, respectively (many of these are of course not actual singularities of the series but merely spurious zeros.) Next these zeroes are sorted into equivalence classes by the criterion that they lie at most a distance 2 −k apart. An equivalence class is accepted as a singularity if it contains more than N c approximants, and an estimate for the singularity and exponent is obtained by averaging over the approximants (the spread among the approximants is also calculated). I used N c = 20 (15) for first-order (second-order) approximants, which means that at least two-thirds to three-quarters of all approximants had to be included before an equivalence class was accepted. The calculation was then repeated for k − 1, k − 2, . . . until a minimal value of 8 or so was reached. To avoid outputting well-converged singularities at every level, once an equivalence class has been accepted, the approximants which are members of it are removed, and the subsequent analysis is carried out on the remaining data only. One advantage of this method is that spurious outliers, a few of which will almost always be present when so many approximants are generated, are discarded systematically and automatically.
In table 3 I have listed the estimates for the physical critical point p c and the associated exponents obtained from the six series that I studied. The errors listed in the parentheses are calculated from the spread among the approximants and equals one standard deviation. Note that these error estimates should not be seen as accurately representing the true errors. N a is the number of approximants included in the estimates.
Generally the estimates for various orders L of the inhomogeneous polynomial are exceptionally well converged and excellent agreement is observed both between the various estimates for each series as well as between the p c -estimates from the different series. Apart from the first-order approximants for small L to µ 2,0 (p)µ 0,2 (p)/(µ 0,1 (p)) 2 all estimates for p c are consistent with the highly accurate value p c = 0.644 700 15 (15) . This slight discrepancy is not important since one generally would expect large L firstorder approximants and second-order approximants to yield more reliable estimates. These approximants are better at dealing with analytic background terms or other features which might possibly slow down the convergence of the estimates to the true critical values. Further note that N a generally is well above the cut-off N c showing that in most cases only a few approximants are discarded. The uncertainty in the last digits of the p c -estimate, given in parentheses, is probably on the conservative side, and is mostly due to the tendency of µ 0,1 and µ 0,2 to favour a somewhat lower estimate for the critical point.
Before proceeding I will consider possible sources of systematic errors. First and foremost the possibility that the estimates might display a systematic drift as the number of terms used is increased and secondly the possibility of numerical errors. The latter possibility is quickly dismissed. The calculations were performed using 128-bit real numbers (REAL*16 on an IBM RISC work station). The estimates from a few approximants were compared to values obtained using MAPLE with up to 100 digits accuracy and this clearly showed that the program was numerically stable and rounding errors were negligible. In order to address the possibility of systematic drift and lack of convergence to the true critical values I refer to figure 2. In this figure I have plotted the deviation in the last two digits, 10 8 p c , from the critical point p c = 0.644 700 15. Included in the figure are estimates from inhomogeneous second-order differential approximants with L 35 to the six series that I have studied. From this figure it is evident that the series estimates displayed on the top row are well converged once the number of terms exceeds 90 or so, while the series on the bottom row still show evidence of a systematic drift and the estimates have not yet converged to their asymptotic value. This is particularly manifest for the series µ 0,1 and µ 0,2 shown in the bottom left and central panels. Since these series were the ones responsible for most of the error on the estimate for p c , and given the very good convergence of the estimates from the series shown in the top row, it does not seem overly optimistic to adopt the tighter estimate p c = 0.647 700 15 (5) . Clearly the large majority of estimates for the first three series lie well within this error-bound as the number of terms increase and likewise the estimates from the remaining series clearly seem to converge towards this value.
Next I turn my attention to the estimates for the critical exponents. Very precise estimates for γ , ν , and 2ν ⊥ can be obtained by examining table 3. I have used a slightly more systematic and enlightening procedure. Close to the critical point there is an apparent linear dependence of the estimates for critical exponents on the estimates for p c . One can use this to obtain improved estimates for the exponents by performing a linear fit of the exponent estimates as a function of p c (the distance from the critical point). The result of such linear fits is listed below. In these fits I used the same set of approximants as those on which the estimates in the tables above were based. But I discarded any approximant for which | p c | = |p c − 0.644 700 15| > 0.000 000 15. The error on the 'pure' exponent part of the estimates mainly reflects the slight difference between the first-and second-order approximants (the errors as listed are approximately twice this difference). In the estimates for γ and γ + 2ν ⊥ I used only the first-order approximants with L 15. As can be seen the exponent estimates are very precise. Even with the very small error in the p c -estimate, this is still the major source of error (by an order of magnitude) in the exponent estimates. As previously noted [6] , there is no simple rational fraction whose decimal expansion agrees with the estimate of β obtained from the percolation-probability series. The same is true for the estimates of ν and 2ν ⊥ listed above. In particular note that the rational fraction suggested by Essam et al [4] , ν = 26/15 = 1.733 333 . . . , and 2ν ⊥ = 79/36 = 2.194 44 . . . , is incompatible with the estimates. The rational fraction suggested for γ = 41/18 = 2.277 777 . . . lies within the error bounds for the exponent estimate if the error on p c exceeds 10 −7 . So the more conservative error estimate listed earlier would just include the suggested value of γ . However, most of the estimates in table 3 clearly exclude the exact fraction as does the more narrow error estimate on p c . Finally I note that the better converged estimates for γ + 2ν ⊥ and 2ν ⊥ yields the estimate γ = 2.277 681(5), which, within the error, agrees with the direct estimate but points to a possibly slightly lower value of γ .
The estimate for p c advocated above lies within the error-bounds of that obtained from the percolation probability series [6] p c = 0.644 700 6(10), though a lower central value is favoured by the series analysed in this paper. From the scaling relation β = (ν +ν ⊥ −γ )/2 I obtain the estimate β = 0.276 489(7) ± 750 p c , which is consistent with the direct estimate β = 0.276 43 (10) . It is quite likely that the minor discrepancies between the central values would disappear if the percolation probability series could be extended from the 55 terms in [6] to an order comparable to the series analysed here. Evidence to this effect is provided by the biased estimate β = 0.276 483 (14) calculated at p c = 0.644 700 15 using Dlog Padé approximants utilizing at least 45 terms of the percolation-probability series.
I also analysed the series in order to estimate the leading confluent exponents 1 . As was the case for the percolation-probability series both the Baker-Hunter transformation and the method of Adler, Moshe and Privman (see [6] and references therein for details regarding these methods) yielded estimates consistent with 1 = 1. So there are no signs of non-analytic corrections to scaling.
Finally I looked for non-physical singularities of the series. The series have a singularity on the negative axis closer to the origin than p c . This singularity is quite weak and consequently the estimates for its location and the associated exponents are quite inaccurate. The singularity is located at p − = −0.5168(5) and the associated exponents are γ = 0.065 (15) , ν = 0.97(3) and 2ν ⊥ = 0.90 (15) . It is quite possible that the divergence of the cluster length series at p − is logarithmic and the estimates are certainly consistent with γ = 0, ν = 1 and ν ⊥ = 1 2 . Finally there is some weak evidence of a pair of singularities in the complex p-plane at p ± = −0.2255(15) ± 0.440(1)i. Note that this singularity pair also lies within the physical disc. The exponent estimates at p ± are not very accurate. The cluster size series seems to converge with exponent γ −3, while ν 1 and ν ⊥ 1 2
, but the error on these estimates are as large as 25-50%.
The square site series
In table 4 I have listed some of the estimates for p c and critical exponents obtained from an analysis of the square site series. The estimates are based on approximants using at least 85-90 terms with N c = 15. Though the length of the series is comparable to the bond case the estimates are generally less accurate. In particular it should be noted that the p c -estimates obtained from different series are only marginally consistent leading to the rather poor estimate, p c = 0.705 485 0(15), which is at least an order of magnitude less accurate than in the bond case. Some exponent estimates differ significantly from those of the bond case. Particularly γ and γ + 2ν are generally quite a bit smaller than the bond estimates. However, due to the discrepancy between the various site series, the importance of this deviation is questionable. If the error-bar on p c is accepted, the resulting exponent estimates from the site series will agree with the bond estimates.
If one accepts the exponent estimates from the bond series one can use the linear dependence between p c and exponent estimates to obtain improved estimates for p c . (This is just the reverse of the method used in the previous section to obtain the exponent estimates.) By performing a linear fit of the p c -estimates as a function of the deviation of the exponent estimate from the central values listed in the previous section I obtain the estimate p c = 0.705 485 3(5). In these fits I used the approximants whose exponent estimates differ by less than 0.001 from the central values. This estimate agrees with that obtained from the percolation-probability series [6] p c = 0.705 485 (5) .
The square site series have a singularity on the negative axis closer to the origin then p c . In this case the singularity appears to be stronger than in the bond case, i.e. the various estimates are better converged. The singularity is located at p − = −0.451 952 2(3) and the associated exponents are quite possibly consistent with γ = − , where errors on the estimates are only a few per cent. Table 5 lists a selection of estimates for p c and critical exponents obtained from the analysis of the triangular bond series. The estimates are based on approximants using at least 45 or 40 terms with N c = 15 or 10 for first and second order, respectively. As one would expect, due to the shorter series, the estimates are generally encumbered with larger errors than was the case for the square bond series. The estimates for ν and 2ν ⊥ are generally consistent with those from the square bond series, while the remaining exponent estimates exceeds those from the square bond case. The linear fit of p c to the deviation of the exponent estimates from the values favoured by the square bond series yields p c = 0.478 025(1), which is in excellent agreement with the estimate p c = 0.478 02(1) from the percolationprobability series [7] . The triangular bond series does not appear to have any non-physical singularities.
The triangular bond series
The triangular site series
In table 6 I have listed some estimates for p c and critical exponents obtained from an analysis of the triangular site series similar to that for the bond problem. In this case all exponent estimates are consistent with the square bond case. The biased estimate for p c based on the usual fitting procedure is p c = 0.595 646 8(5) in excellent agreement with the estimate p c = 0.595 647 2(10) from the percolation probability series [7] . Again there is no compelling evidence for non-physical singularities.
Summary and discussion
From the analysis presented in the previous section it was clear that the square bond series yield by far the most accurate p c -estimates which in turn enables one to obtain very precise estimates for the critical exponents. The remaining cases yielded less accurate estimates. Though the square site and triangular bond cases tended to yield exponent estimates only marginally consistent with the square bond estimates, the p c estimates showed less consistency among the various series. In the square site case this could possibly be caused by the presence of rather strong non-physical singularities closer to the origin than p c . The triangular site estimates, though marred by larger error-bars, were fully consistent with the square bond estimates. I have therefore chosen to base my final exponent estimates mainly on the square bond series. From figure 2 it would appear that the estimate p c = 0.644 700 15 (5) is fully consistent with the data and not overly optimistic. With this highly accurate p c value one can obtain very accurate exponent estimates using the values listed in (4.3) . The values of the critical exponents for the average cluster size, parallel and perpendicular connectedness lengths are estimated by γ = 2.277 69(4), ν = 1.733 825(25) and ν ⊥ = 1.096 844 (14), respectively. An improved estimate for the percolation probability exponent is obtained from the scaling relation β = (ν + ν ⊥ − γ )/2 = 0.276 49(4). As already noted these estimates are generally incompatible with the exact fractions conjectured by Essam et al [4] . Only γ is marginally consistent with the suggested fraction, γ = 41/18 = 2.77 777 . . . , if a larger error-bar were adopted for p c . Below I have listed improved estimates for a number of critical exponents obtained using various scaling relations. Here is the exponent characterizing the scale of the cluster size distribution, τ is the cluster length exponent, z is the dynamical critical exponent, γ the exponent characterizing the steady-state fluctuations of the order parameter, while δ and η characterize the behaviour at p c as t → ∞ of the survival probability and average number of particles, respectively.
Assuming that the exponent estimates from the square bond case are correct, improved p c -estimates were obtained for the three other problems studied in this paper. These are: Finally I note, that the analysis of the various series, in order to determine the value of the confluent exponent, yielded estimates consistent with 1 1. Thus there is no evidence of non-analytic confluent correction terms. This provides a hint that the models might be exactly solvable.
E-mail or WWW retrieval of series
The series and the coefficients in the extrapolation formulae for the directed percolation problems on the various lattices can be obtained via e-mail by sending a request to iwan@maths.mu.oz.au or via the world wide web on the URL http://www.maths.mu.oz.au/˜iwan/ by following the relevant links. from which one sees that 2s t,0 + s t−1,0 = C t−1 . Shapiro [15] has given an interpretation of this sequence by adding diagonals in a certain Catalan triangle. At first glance one might find it strange that the correction term differs from the bond case, since clearly all the non-nodal bond graphs that give rise to the first correction term have their counterparts as site graphs. In the following I shall always be talking only of non-nodal graphs consisting of two equal-length paths. The reason for the difference is quite simply that for some graphs the d-weight in (3.3) is 0 for the site graph but non-zero for the bond graph. A schematic representation of such a graph is shown in figure A1 . A proof of this was given by Arrowsmith and Essam [16] , who showed that d(g) is non-zero if and only if g is coverable by a set of directed paths and has no circuit (or loop). From figure A1 we see that in the bond case the graph obtained by putting in the bonds a-b and c-d has no loops. However, in the site case there is a loop from the origin to point d and this graph does, therefore, not contribute in the site case. On the other hand it is clear that for any contributing site graph there is a corresponding contributing bond graph. So the contributing site graphs form a subset of the bond graphs.
In order to prove the formula for s t,0 it is convenient to give another interpretation of the loop-free non-nodal graphs. Let us first characterize the graphs by the distance k between the paths. Since the graphs start and end with k = 0, and the distance zero appears nowhere else along the graph, these two 'steps' can be deleted. It is clear that in each step (increase of t by one) k changes by 0 or ±1. When k is unchanged there are two configurations corresponding to both paths moving either south-east or south-west, while for changes of ±1 there is just one configuration. The non-nodal graphs are thus in bijection with paths of length t − 1 starting and ending at the ground level, which can take north-east, east and south-east steps, and where east steps come in two varieties or colours (such paths are known as two-colour Motzkin paths). It is one of the fundamental results of combinatorics that the number of two-colour Motzkin paths of length n − 1 is C n . It is easy to see that loop-free non-nodal graphs form the subset where the distance between paths is never 1 twice in a row, i.e. if k n = 1 then k n+1 = 2. These graphs are in bijection with two-colour Motzkin paths with no east steps on the ground level. Figure A2 shows an example of a two-colour Motzkin path with no east steps on the ground level. It is clear that all paths formed by taking the parts of the original path lying one level above the ground level (those above the dotted line), are ordinary unrestricted two-colour Motzkin paths, and these paths are therefore enumerated by the Catalan numbers. The number of no-loop non-nodal graphs can therefore be expressed in terms of Catalan numbers, by summing over the number of times m the associated restricted two-colour Motzkin path meets the ground level prior to the terminal point. Let D n denote the number of two-colour Motzkin paths of length n with no east steps on the ground level. The number of such two-colour Motzkin paths, D n,0 , which does not hit the ground level prior to n is simply C n−1 because the path obtained by deleting the first and last step is an ordinary two-colour Motzkin path of length n − 2. The number of restricted two-colour Motzkin paths D n,1 which hit the ground level once is,
This formula is simply obtained by noting that the path to the left of the point where the restricted path meets the ground level for the first time can have a length k ranging from 0 to n − 4 (the four steps connecting the ground level to the level above are discarded) while the length of the second path is n − 4 − k. Obviously the number of left and right paths are just C k+1 and C n−4−k+1 , independently, which leads to the formula above once we sum over the length of the left path. The generalization to D n,m is obvious
The sum D n = n/2 −1 m=0 D n,m is exactly the same as that obtained by Shapiro [15] by adding diagonals in the Catalan triangle.
The higher-order correction terms are quite complicated though still expressible as linear functions of s t,0 , In this case x t,0 = u(t + 1) is determined by the following recurrence relation
The formulae for the higher-order correction terms are complicated though still expressible as functions of x t,0 , Table A3 . New series terms for the directed triangular lattice site problem.
south steps. It is easy to check that any other non-nodal graph contains more bonds. So s t,0 = 2 while x t,0 alternate between 0 and 2 since for t odd the non-nodal graphs terminate on the centre-line and therefore do not contribute to X N . The sequence determining the second correction terms for S N is 1, 2, 5, 10, 17, 26, 37, 50, 65, . . . from which it is clear that s t,1 grows as a polynomial in t, s t,1 = t 2 − 2t + 2. In general the correction terms can be represented as a polynomial in t of order 2r. The alternation between odd and even values of t seen in x t,0 eventually also manifests itself in the correction terms for S N . The general formulae for the correction term is, The prefactors and the expression of the polynomials in terms of t − 1 has been chosen to make the leading coefficients particularly simple. Once again it should be noted that the leading coefficients a r,2r−m are polynomials in r of order m + m/2 (this is valid for m 5), which again was used to obtain a few additional correction formulae.
The extrapolation formulae for X N are very similar to the ones above, In this case the leading coefficients of both a r,2r−m and b r,r−m can be predicted. For r > m I find that a r,2r−m can be expressed as a polynomial in r of order m + 2. Likewise (−1) r b r,r−m /(r + 1)! is a polynomial in r of order 2m for r > 2m. As stated earlier, the non-nodal contribution to the series for the triangular bond case were calculated up to t max = 45. With the extrapolation formulae I derived the series for S(p), µ 0,1 (p) and µ 0,2 (p) to order 57 and the series for µ 2,0 (p) to order 56. The resulting new series terms are listed in table A2.
A.3. The triangular site problem
In this case the first correction term for S N alternates between 0 and 1 while the first correction term for X N is 0. The graphs giving rise to these correction terms are very simple. First note that the graphs giving rise to the bond correction terms all have loops when viewed as site graphs. The non-nodal site graphs with fewest elements for t odd consist of the two paths starting with a south-east (south-west) step followed by t/2 south steps and ending with a south-west (south-east) step. These graphs have t + 2 random elements (remember that the origin is not a random element). For t even one can easily see that there are no loop-free non-nodal graphs with t + 2 or fewer elements. This fully accounts for the first correction terms.
The other extrapolation formulae for the triangular site problem are very similar to those for the bond case. The only difference is that the order of the polynomials correcting the odd-t values is somewhat higher. Once again the leading coefficients are low-order polynomials in r. With the help of the extrapolation formulae I extended the series for S(p), µ 0,1 (p) and µ 0,2 (p) to order 56 and the series for µ 2,0 (p) to order 55. The new series terms are listed in table A3.
